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Preface

This text is part of a set of notes I prepared for students and researchers. Theymainly serve the purpose to be short and concise introductions to mathematicaltopics. They are provided as is and in the hope that they are useful. Nevertheless,I am always thankful for possible corrections and suggestions for enhancements.
The material in these notes is not my original research. Most of it is adaptedfrom textbooks and research publications. While I am striving to give credit to theoriginal authors wherever possible, I will be delighted to include more citations,also in order to improve the value of these notes as a reference.
Finally, if you find these notes useful for your own research and decide to citeresults from them, I would be most flattered if you decided to cite them as

Guido Kanschat. Notes on Applied Mathematics. Universität Heidel-berg. 2013.
Note: yellow boxes indicate text which is missing in the current version and willbe added soon.
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Chapter 1

Integration and Lebesgue
spaces

1.1 The Lebesgue Integral

Introduction 1.1. This section introduces the Lebesgue integral mostly followingthe presentation in the monograph by Riesz and Sz.-Nagy [RSN90]. We deviatefrom this work only in two respects: first, we restrict the presentation to the resultspertaining to the definition and properties of Lp-spaces. Second, we elaboratemore on higher-dimensional integrals and modify the development of the one-dimensional case in order to be closer to higher dimensions.
1.1.1 Sets of measure zero

Introduction 1.2. Sets of measure zero constitute one of the most important con-cepts in integration and measure theory. Odd enough, it is possible to define themin an elementary way, which does not require any advanced measure theory.
Definition 1.3. A subset Z ⊂ R is called a set of measure zero, if for any ε > 0there exist a finite or countable set of intervals Ik such that

Z ⊂
⋃
k
Ik and ∑

k
|Ik | < ε.

We also say that the set Z can be covered by a finite or countable union ofintervals with total length less than ε.
Definition 1.4. Sets of meazure zero in higher dimensions are defined in a similarway, replacing the set of intervals Ik by cubes Qk such that their total volume isless than ε.
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Example 1.5. A set consisting of a single number x ∈ R is of measure zero, sincefor any ε > 0:
{x} ⊂

[
x − ε2 , x + ε2 ] .

Lemma 1.6. The finite or countable union of sets of measure zero is of measure
zero.

Proof. Let {Zj}j=1,2,... be a finite or countable sequence of sets of measure zero.For each Zj , let {Ijk} be a set of intervals covering Zj and having total length lessthan 2−kε. Such a set exists according to the definition of a set of measure zero.Then,
Z =⋃

j
Zj ⊂

⋃
jk
Ijk and ∑

jk
|Ijk | < ε.

It remains to note that the index set jk is at most countable.
Corollary 1.7. The set Q ⊂ R of rational numbers is of measure zero, since it is
a countable union of points.

Note 1.8. The preceding corollary implies that a dense subset of an interval in
R can be covered by a system of intervals without covering the whole interval.Definitely, a remarkable statement.
Definition 1.9. A property is said to hold almost everywhere on a set M, if itholds on M, or at least on a set M \ Z , where Z is of measure zero.
1.1.2 Step functions and their integrals

Definition 1.10. We introduce lattices Qn
1 of Rd consisting of half open cubes

Q(n)
i1,...,id = ] i12n , i1+12n ]× ] i22n , i2+12n ]× · · · × ] id2n , id+12n ] , ik ∈ Z.

The lattice is said to be of width 2−n.
Note 1.11. Independent on the dimension d, the number of cubes in Qn is count-able. Thus, we can replace the multiple indices indicating the position of a cubein the lattice by a single enumeration index k . Furthermore, it is easy to see thatthe number of cubes in Qn contained in a bounded set is finite, albeit dependingon n.
Definition 1.12. A function f is called a step function on the lattice Qn, if f isconstant on each cube Qk , and if f is different from zero only on a finite numberof cubes. We refer to the value of f on Qk as f(Qk ) or short fk .We denote by S the space of step functions.

1The letter Q with index always refers to a lattice and never to the rational numbers
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Note 1.13. A step function f on a lattice Qn is also a step function on any lattice
Qm with m > n, by simply choosing it to be the same constant on all the cubes of
Qm which are subsets of the same cube of Qn.Therefore, further on, we can always compare two step functions by comparingthem on the finer lattice used for their definition.
Definition 1.14. The integral of a step function f on Qn is defined in the obviousway as ∫

Rd
f(x) dx =∑

Qk

f(qk )|Qk |,

where |Qk | denotes the volume of the cube Qk . Since the sum in this definition isfinite, the integral is finite.
Lemma 1.15 (Properties of the integral). The integral of step functions is a linear
operator, that is, for two step functions f and g and numbers a, b ∈ R holds∫

Rd

(
af(x) + bg(x)) dx = a

∫
Rd
f(x) + b

∫
Rd
g(x).

Furthermore, the integral is monotonic, that is, if for all x ∈ Rd holds f(x) ≤ g(x),
then holds ∫

Rd
f(x) ≤ ∫

Rd
g(x).

Proof. Both properties follow from the fact that they hold for the values f(Qk ) and
g(Qk ) and the summation operator.
Definition 1.16. The support of a function is the set

supp f = {x ∈ Rd
∣∣f(x) 6= 0}. (1.1)

A function f is said to have finite support or synonymously compact support ifsupp f is a bounded set.
Note 1.17. Since the support of a step function f consists of finitely many cubes,its support is finite.
The following two lemmas establish the close connection between the convergenceof step functions almost everywhere and convergence of their integrals.
Lemma 1.18. Let {φn}n=1,... be a monotonically decreasing sequence of nonneg-
ative step functions on lattices Qn converging to zero almost everywhere. Then,

lim
n→∞

∫
Rd
φn(x) dx = 0.
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Proof. First, we note that the assumptions imply that for all n > 1 holds
S := suppφ1 ⊃ suppφn.

and thus the volume of the support of φn is bounded by that of S; let the volumeof S be V .
Let now ε > 0 be arbitrarily small. Let Z be the set of measure zero, where thesequence does either not converge to zero, or where any of the functions φn isdiscontinuous. Let Jε be an at most countable covering of this set of total volumeless than ε according to Definitions 1.3 and 1.4.
Let J be the union of all elements in Jε. We note that, since the sequence isdecreasing, for any x ∈ S holds φn(x) ≤ φ1(x) ≤ M and thus∫

J
φn(x) ≤ εM.

For any point x ∈ Rd\J holds φn(x)→ 0 as n→∞. In particular, for n sufficientlylarge, φn(x) ≤ ε. Since φn is a step function, this holds not only for x, but for thewhole cube containing x. By varying x ∈ Rd \ J, we obtain an infinite set of suchcubes, which we call Uε.By their definition, the sets in the union of Jε and Uε cover the set S. And since
S is compact, the Heine-Borel theorem says, that we can choose a finite subsetfrom both of these systems, say Ŭε∪J̆ε to cover S. Let U be the union of all cubesin Ŭε. Then, there is an index n0, such that φn0 (x) ≤ ε for all x ∈ U . Thus,∫

U
φn(x) < εV , ∀n ≥ n0.

We conclude the proof by noting that for n ≥ n0∫
S
φn(x) dx ≤ ∫

U
φn(x) dx + ∫

J
φn(x) dx < ε(M + V ),

which can be made arbitrarily small by choosing ε small.
Lemma 1.19. Let {φn}n=1,... be a monotonically increasing sequence of step func-
tions on lattices Qn such that their integrals are uniformly bounded by a constant
C : ∫

Rd
φn(x) dx ≤ C. (1.2)

Then, the functions φn converge to a finite limit function φ almost everywhere in
Rd.
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Proof. First, we observe that it is sufficient to consider sequences of nonnegativefunctions and thus positive constants C : otherwise, we consider the lemma for thesequence consisting of the functions φn − φ1.Let Eε be the set of points x, where φn(x) > C/ε for some n, and E0 the set ofpoints x, where φn(x)→∞. Obviously, E0 ⊂ Eε for any ε > 0.
The set Eε by its definition is an at most countable sequence of the cubes on whichthe step functions are defined. Therefore, the integral of φn over Eε is defined andthere holds

C
ε
∑
Qk⊂Eε

|Qk | ≤
∫
Eε
φn(x) dx ≤ ∫

Rd
φn(x) dx ≤ C.

From this, we deduce that the total volume of the cubes in Eε does not exceedepsilon. Since this set of cubes covers E0, we conclude that E0 is of measurezero.
Remark 1.20. Due to the monotonicity of the integral, the sequence on the lefthand side of inequality (1.2) is monotonically increasing. Therefore, the integralsare actually converging to a finite value.
1.1.3 Definition of the integral

Introduction 1.21. In the previous section, we defined the integral of step func-tions and investigated some limits. The goal of this section is the extension ofthe integral to a wider class of functions. A first extension is almost immediatelysuggested by Lemma 1.19 and Remark 1.20. Namely, assigning as value of theintegral of a function, which is the limit of an increasing sequence of step func-tions almost everywhere, the limit of their integrals. Nevertheless, it remains toprove that this yields a well defined integral, in particular, that its definition isindependent of the actual choice of the sequence of step functions.
Lemma 1.22. Let {φn} be a monotonically increasing sequence of step functions
with uniformly bounded integrals, converging to a function f almost everywhere.
Let the same hold for a second sequence {ψn} and the function g. Furthermore,
let

f(x) ≤ g(x) almost everywhere in Rd.

Then,

lim
n→∞

∫
Rd
φn(x) dx ≤ lim

n→∞

∫
Rd
ψn(x) dx. (1.3)
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Proof. First, we introduce the abbreviations
M1 = lim

n→∞

∫
Rd
φn(x) dx and M2 = lim

n→∞

∫
Rd
ψn(x) dx.

Let φm be an arbitrary function in the first sequence. Then, by the assumptions,
h+
n = φm −ψn, the positive part of the difference, converges to zero almost every-where and decreases monotonically. Thus, by Lemma 1.18, its integrals tend tozero as well. We conclude∫

Rd
φn(x) dx −M2 ≤ 0 or ∫

Rd
φn(x) dx ≤ M2.

If now we let n→∞, we obtain M1 ≤ M2.
Note 1.23. For two functions f and g as in the preceding Lemma with f(x) = g(x)almost everywhere, we can repeat the argument of the proof and interchange thesequences. Thus, M1 = M2. This means in particular, that the limit process in thislemma uniquely defines the integral of the limit functions. Furthermore, it meansthat we can always modify a function on a set of measure zero without affectingits integral.
Definition 1.24. Let S+ be the set of functions which equal the limit of a sequenceof monotonically increasing step functions with uniformly bounded integrals almosteverywhere. For any function f ∈ S+, we define the integral as∫

Rd
f(x)dx := lim

n→∞

∫
Rd
φn(x) dx,

where {φn} is any monotonically increasing sequence of step functions convergingto f almost everywhere.
Example 1.25. The function

f(x) = {1 x ∈ Q0 x ∈ R \Q

is in S+ and its integral is zero. This is due to the fact that it is equal to the zerofunction almost everywhere.
Lemma 1.26. Let h be a function which is the difference of two functions in S+,
namely h(x) = f1(x) − f2(x) almost everywhere. If for two other functions in S+
holds h(x) = g1(x)− g2(x) almost everywhere, then∫

Rd
f1(x) dx − ∫

Rd
f2(x) dx = ∫

Rd
g1(x) dx − ∫

Rd
g2(x) dx, (1.4)

that is, the difference of the integral does not depend on the actual choice of the
two functions in the difference.
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Definition 1.27. Let L be the class of functions2 which can be written as a dif-ference of two functions in S+ almost everywhere. For any function h ∈ L, the
integral is defined as∫

Rd
h(x) dx = ∫

Rd
f(x) dx − ∫

Rd
g(x) dx,

where f and g are any two functions such that h(x) = f(x)−g(x) almost everywhere.
The class L is called the set of integrable functions.
1.1.4 Structure of the class of integrable functions

Introduction 1.28. The next question we will have to address is, which functionsare integrable, and whether we are allowed to interchange limits of sequencesof functions and their integrals. In particular, we will see that suitably boundedsequences of integrable functions have integrable limits.
Lemma 1.29. For every integrable function f there exists a sequence of step func-
tions {φn(x)} converging to f almost everywhere, such that∫

Rd

∣∣f(x)− φn(x)∣∣ dx → 0 as n→∞.

Proof. This lemma is an immediate consequence of the definition of the class Las differences of functions in S+. In fact, let f(x) = h(x) − g(x) with both func-tions in S+ and let {ψn(x)} and {ρn(x)} be increasing sequences of step functionsconverging to h(x) and g(x) almost everywhere, respectively. By definition,∫
Rd

∣∣f(x)− φn(x)∣∣ dx ≤ ∫
Rd

(
h(x)− ψn(x)) dx + ∫

Rd

(
g(x)− ρn(x)) dx → 0.

Theorem 1.30. The class L of integrable functions is a vector space and the
integral is linear, namely for functions f, g ∈ L and numbers α, β ∈ R holds∫

Rd

(
αf(x) + βg(x)) dx = α

∫
Rd
f(x) dx + β

∫
Rd
g(x) dx. (1.5)

For functions g(x) and h(x) in S+ are sup(g(x), h(x) and inf(g(x), h(x) in S+.
Furthermore, for a function f ∈ L, its positive part f+, its negative part f−, and
its absolute value |f | are in L.

2Here, the letter L is used in reference to the Lebesgue integral. We note that Lebesgue used theterm “summable” instead of “integrable”.
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Proof. The linerarity of the integral follows immediately by taking correspondinglinear combinations of step function sequences. Thus, L is a vector space. Thesame argument holds for the infimum and supremum of two functions in S+.For the second part, we write f(x) = h(x) − g(x) with both functions in S+, andnote
|f | = sup(g, h)− inf(g, h)
f+ = sup(g, h)− g = h− inf(g, h)
f− = sup(g, h)− h = g− inf(g, h).

Definition 1.31. The characteristic function of a subset Ω ⊂ Rd is χΩ. It is definedas
χΩ(x) = {1 x ∈ Ω0 x 6∈ Ω

The function f is said to be integrable on the set Ω, if fχΩ is integrable (on Rd).The integral over Ω of a function f is defined as∫
Ω f(x) dx = ∫

Rd
f(x)χΩ(x) dx.

The measure of a bounded domain Ω is the integral of χΩ.
Corollary 1.32. The integral is additive, namely for two disjoint and not neces-
sarily bounded domains Ω1 ⊂ Rd and Ω2 ⊂ Rd and a function f such that fχΩ1
and fχΩ2 are integrable holds∫

Ω1∪Ω2 f(x) dx = ∫Ω1 f(x) dx + ∫Ω2 f(x) dx.
Proof. This follows immediately from the linearity of the integral by observing
f(x)χΩ1∪Ω2 (x) = f(x)χΩ1 (x) + f(x)χΩ2 (x).
Remark 1.33. The space S+ and thus the space of integrable functions have beenobtained by a completion process. We started out from the space of all test func-tions and then added to this space all monotonically increasing limits with respectto the topology “convergent almost everywhere”. An important characteristic of thisprocess is, that it is idempotent, that is, its repeated application does not changethe result. We first verify this statement for S+. It is extended to integrablefunctions by the Beppo-Levi Theorem 1.35 below.
Lemma 1.34. Let fn be an increasing sequence of functions in S+. Assume further
that the integrals of fn are uniformly bounded by a number M. Then, the sequence
fn converges almost everywhere to a function f ∈ S+ and there holds

lim
n→∞

∫
Rd
fn dx = ∫

Rd
f dx.
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Proof. For each n, let {φnk}k=1,,2,... be a sequence of step functions convergingmonotonically to fn almost everywhere. We generate a type of diagonal sequencein {φnk} by assigning
ψn(x) = sup

i≤n
φin(x).

Since each of the sequences {φnk} is increasing with respect to k , ψn must beincreasing. Since they furthermore increase towards fn, we have almost everywhere
ψn(x) ≤ fn(x). Thus, ∫

Rd
ψn dx ≤ ∫

Rd
fn dx ≤ M.

By Lemma 1.19, the sequence ψn converges towards a limit function f almosteverywhere. On the other hand, for n ≤ k ,
ψn ≥ φnk .Therefore, by allowing k →∞, we obtain that

fn(x) ≤ f(x) almost everywhere.Hence, we have ψn ≤ fn ≤ f and ψn ↗ f almost everywhere, thus the limit of
fn must be equal to the one of ψn, namely fn. The same argument holds for theintegrals, and since ∫

Rd
ψn dx ≤ ∫

Rd
fn dx ≤ ∫

Rd
f dx,

and since the first integral converges to the last, so does the one in the center.
Theorem 1.35 (Beppo-Levi). Every monotonically increasing sequence {fn(x)} of
integrable functions whose integrals have a common bound, converges almost ev-
erywhere to an integrable function f(x), and the order of taking the limit and
integrating can be reversed, that is∫

Rd
f(x) dx = lim

n→∞

∫
Rd
fn(x) dx (1.6)

Proof. Let us first rewrite the problem as
fn(x) = f0(x) + n∑

k=1 gk (x),where gk (x) = fk (x) − fk−1(x). By the assumptions, the elements gk of the seriesare nonnegative and integrable. Furthermore, since the integrals of fn have acommon bound, say M, the sequence of integrals is bounded by
∞∑
n=1
∫
Rd
gn(x) dx ≤ M + ∫

Rd
|f0(x)| dx,

and thus convergent.
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...

Theorem 1.36 (Lebesgue). If the sequence of integrable functions {fn(x)} con-
verges to a function f(x) almost everywhere, and if there exists an integrable
function such that for all n ∣∣fn(x)∣∣ ≤ g(x), (1.7)
holds almost everywhere, then the function f(x) is integrable and∫

Rd
f(x) dx = lim

n→∞

∫
Rd
fn(x) dx.

Proof. ...

Example 1.37. Condition (1.7) in Lebesgue’s Theorem is necessary, as can be seenfrom the following example. Let for x ∈ R

fn(x) = {(n+ 1)|x|n x ∈ [−1, 1]0 else.
The sequence converges to zero almost everywhere, but the integrals are two.Indeed, by changing the factor in front of xn, the limit of the integrals can be madeany value including ∞. On the other hand, if the factors are uniformly bounded,the limit is zero, as the theorem predicts.
The assumptions of Lebesgue’s Theorem are too strong for some applications. Thus,the following lemma proves boundedness of the integral of the limit under weakerassumptions.
Lemma 1.38 (Fatou). If the functions fn are nonnegative, integrable, and converge
almost everywhere in Ω to a limit function f , and if furthermore the sequence of
integrals ∫

Ω fn(x) dx,
is bounded, then f is integrable and∫

Ω f(x) dx ≤ lim inf
n→∞

∫
Ω fn(x) dx.
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Proof.

1.2 The Lebesgue function spaces Lp

1.2.1 Integral inequalities

Lemma 1.39 (Young’s inequality). For two arbitrary numbers a and b, and a
positive number γ holds

2 |ab| ≤ γa2 + 1
γ b

2. (1.8)
Proof. From the binomial formulas we have

0 ≤ {(a+ b)2 = a2 + b2 + 2ab,(a− b)2 = a2 + b2 − 2ab,and thus by bringing 2ab to the left,
±2ab ≤ a2 + b2. (1.9)For γ 6= 1, the inequality is obtained by replacing a with γa and b with b/γin (1.9) and observing that this does not change the left hand side.

Lemma 1.40 (Cauchy-Bunyakovsky-Schwarz inequality3). If functions f and g and
their squares are integrable on a subset Ω of Rd, so is their pointwise product fg,
and there holds ∫

Ω f(x)g(x) dx ≤√∫Ω f2(x) dx
√∫

Ω g2(x) dx. (1.10)
Proof. First, by Young’s inequality we obtain for arbitrary γ that

2 ∫Ω f(x)g(x) dx ≤ γ ∫Ω f2(x) dx + 1
γ

∫
Ω g2(x) dx.

Choosing γ such that both terms on the right are equal, namely
γ = √∫

Ω g2(x) dx/√∫
Ω f2(x) dx,the inequality is obtained.

3Also known as Cauchy-Schwarz or Schwarz’s inequality
13



Note 1.41. The Cauchy-Bunyakovsky-Schwarz inequality is an immediate exten-sion of the Cauchy inequality for discrete sums∑
k
akbk ≤

√∑
k
a2
k

√∑
k
b2
k (1.11)

Lemma 1.42 (Hölder’s inequality). Assume that the functions |f |p and |g|q are
integrable with 1 < p, q <∞ and 1

p + 1
q = 1, (1.12)

then the function fg is integrable on Ω and∫
Ω |fg| dx ≤ p

√∫
Ω |f |p dx q

√∫
Ω |g|q dx. (1.13)

Lemma 1.43 (Minkowski’s inequality). Let the functions |f |p and |g|p be integrable
on Ω for 1 ≤ p <∞. Then, the function |f + g|p is integrable on Ω and

p

√∫
Ω |f + g|p dx ≤ p

√∫
Ω |f |p dx + p

√∫
Ω |g|p dx (1.14)

1.2.2 The real Hilbert spaces L2(Ω)
Introduction 1.44. For a bounded or unbounded subset Ω ⊆ Rd, the set of functionswith squares, which are integrable with finite integrals forms a vector space. This isassured by the Minkowski’s inequality (1.14). Our goal in this section is equippingthis space with an inner product and a norm. Once a norm has been defined, wewill show that the space obtained is complete, thus a Hilbert space. We start thissection by the attempt to introduce an inner product.
Lemma 1.45. Let Ω ⊆ Rd be bounded or unbounded. The form

〈f, g〉 = ∫Ω f(x)g(x) dx (1.15)
is defined and bounded for functions f and g with integrable squares. It is bilinear,
positive semidefinite, and symmetric.

Proof. According to the Cauchy-Bunyakovsky-Schwarz inequality (1.10), bound-edness of 〈f, g〉 follows from boundedness of the integrals of f2 and g2. Linearityin f and g are an immediate consequence of the linearity of the integral in equa-tion (1.5). Symmetry follows from the fact that we can change the order of f and
g in the product under the integral. Finally, we have

0 ≤ ∫Ω f2(x) dx = 〈f, f〉 .
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Introduction 1.46. We have obtained 〈f, f〉 ≥ 0, but the definiteness of an innerproduct requires that 〈f, f〉 = 0 implies f = 0. On the other hand, 〈f, f〉 = 0 holdsfor any function, which is zero almost everywhere in Ω, but can have arbistraryvalues on a set of measure zero. Thus, we have no hope to define a definite innerproduct by integration on a function space. The solution to this dilemma is amodification of the function space by a little trick. Essentially, we turn around thedefinitions and define the relation f = 0 through the condition 〈f, f〉 = 0. We willnow do this in a mathematically sound way.
Lemma 1.47. Let F be a set of functions on Rd. We introduce the relation f ' g
if f and g differ at most on a set of measure zero, or

f ' g ⇔ f(x)− g(x) = 0a.e. (1.16)
This relation is an equivalence relation.

Proof. We have to show reflexivity, symmetry, and transitivity of “'”. Obviously,since f(x) = f(x) for all x, we have f ' f . Similarly obvious from the definition isthat f ' g implies g ' f . Finally, let f ' g and g ' h. Then,
f(x)− h(x) = (f(x)− g(x))+ (g(x)− h(x)).Accordingly, the set on which f and h differ is at most the union of two set ofmeasure zero, thus f ' h.

Lemma 1.48. The set of functions

Z = {f∣∣f ≡ 0},
where “0” is the function which is zero everywhere, is a vector space. Thus, for
any vector space V of functions, the quotient set V /Z is a vector space.

Proof. The first part of the proof is obvious. Thus, for any element of V vectoraddition and scalar multiplication can be split into their components in Z and theremainder, which makes them well defined on the quotient set.
Definition 1.49. Let V be the space of functions with bounded square integralson a set Ω ⊆ Rd. Let Z be the equivalence class of the zero function accord-ing to the preceding lemmas. We define the vector space L2(Ω) as the quotientspace V /Z . The space L2(Ω) is equipped with the inner product 〈., .〉 according toequation (1.15) and the norm

‖f‖ = ‖f‖2 :=√〈f, f〉. (1.17)
Note 1.50. We say for two functions f and g in L2(Ω) that “f = g” if the functionscoincide almost everywhere. Thus, the missing definiteness of the inner productin Lemma 1.45 is obviously cured by considering equivalence classes. Thus, thenorm is actually a norm, and L2(Ω) for the moment is a pre-Hilbert space, that is,an inner product space, which is not necessarily complete.
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Remark 1.51. Consistent with other authors, we usually refer to an element of
L2(Ω) as a square integrable function or L2-function. Nevertheless, it is importantto keep in mind that these elements are not functions at all. In particular, they donot assign a value f(x) to a given point x ∈ Rd, since {x} is a set of measure zero,and thus we would be allowed to change this value any time. This observation isimportant whenever we deal with function spaces L2(Ω) and similar objects. Laterwe will have to answer the question what kind of evaluation of an L2-function isactually permitted.
Definition 1.52. We say that a sequence fn in L2(Ω) converges to an element
f ∈ L2(Ω) if ‖fn − f‖ → 0 as n→∞. A sequence fn in L2(Ω) is called a Cauchy
sequence, if the Cauchy criterion

∀ε > 0 ∃nε ∀m,n > nε : ‖fm − fn‖ < ε. (1.18)
For the latter, we also say ‖fm − fn‖ → 0 as n,m→∞.
Theorem 1.53 (Fischer-Riesz). Let Ω ⊆ Rd. Then, L2(Ω) is a Hilbert space, that
is, it is complete, that is, every Cauchy sequence fn in L2(Ω) converges to an
element f ∈ L2(Ω).
Proof. First, we note that the Cauchy criterion is necessary for convergence, sinceby the triangle inequality, we have for m,n→∞:

‖fm − fn‖ ≤ ‖fm − f‖+ ‖f − fn‖ → 0.
Now we assume that the Cauchy criterion holds. Then, there exists a sequence
n1, n2, . . . such that ‖fnk+1 − fnk‖ < 2−k . Now we have to distinguish betweenbounded domains Ω and unbounded domains. First, for bounded domains, theCauchy-Bunyakovsky-Schwarz inequality implies that∫

Ω 1 |fnk+1 (x)− fnk (x)| dx ≤√m(Ω) ‖fnk+1 − fnk‖ ≤
√
m(Ω)2−k ,

hence the series
∞∑
k=1
∫

Ω |fnk+1 (x)− fnk (x)| dx
converges to a finite value. The sequence of functions defined by

sm(x) = m∑
k=1 |fnk+1 (x)− fnk (x)|,

is monotonically increasing. Furthermore, we have seen above that their integralsare uniformly bounded. Thus, by the Beppo-Levi theorem, sm(x) converges almosteverywhere to an integrable function. This on the other hand implies that for
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almost every x ∈ Ω the sequence fnk (x) is a Cauchy sequence and thus convergesto a limit value f(x).If the domain Ω is unbounded and its measure is not finite, the above argumentcan be applied to any finite subdomain. Covering Ω with a countable sequence ofsuch subdomains, we can likewise conclude convergence to a limit function f foralmost every x ∈ Ω.Now we prove that f ∈ L2(Ω). We observe that
‖fnk‖ ≤ ‖fn1‖+ ‖fnk − fn1‖ ≤ ‖fn1‖+ 12 .Thus, ‖fnk‖2 is uniformly bounded and as |fnk (x)|2 → |f(x)|2 almost everywhere,Fatou’s lemma asserts that ‖f‖ is finite and accordingly f ∈ L2(Ω).It remains to show that ‖fn − f‖ → 0.

Show that norms converge

1.2.3 The real Banach spaces Lp(Ω)
Introduction 1.54. We saw that the Cauchy-Bunyakovsky-Schwarz inequality hasa generalization for exponents different from 2 in Hölder’s inequality, further thatMinkowski’s inequality holds for arbitrary p with 1 ≤ p < ∞. This suggests todefine a norm through

‖f‖p = p

√∫
Ω |f |p dx, (1.19)

and it is indeed an easy exercise to prove the norm properties analogue to theprevious subsection.
Definition 1.55. A function f : Ω → R is called essentially bounded from above,if there is a number a such that the set

(f > a) := {x ∈ Ω∣∣f(x) > a
}
,

has measure zero. The number a is called an essential upper bound. For anessentially bounded function, we define the essential supremum esssup f as theinfimum of all essential upper bounds:
esssup f = inf

a∈R
(f > a) has measure zero.
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Definition 1.56. For 1 ≤ p < ∞, the space Lp(Ω) is the space of all functionssuch that |f |p is integrable with its norm defined in (1.19). The space L∞(Ω) is thespace of all essentially bounded functions on Ω, and its norm is
‖f‖∞ = esssupx∈Ω f

Note 1.57. For p 6= 2, the Lp-norm is not defined by an inner product, thus Lp(Ω)cannot be a Hilbert space.
Theorem 1.58. The spaces Lp(Ω) are complete, thus, they are Banach spaces.
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Chapter 2

Weak derivatives and Sobolev
spaces

Introduction 2.1. There are two fundamentally different definitions of Sobolevspaces, which are usually referred to as the spaces Hk and W k,p. The first groupis obtained by completing a space of continuously differentiable functions withrespect to a given norm. The second definition relies on the introduction of dis-tributional derivatives and then restricts the set of functions with such derivativesto those bounded with respect to a given norm. Thus, we can say that Hk approx-imates the desired space from the inside, while W k,p bounds it from the outside.An important result of modern analysis was the conclusion that both classes areactually the same.Details on Sobolev spaces, including most of the material below can be foundin [AF03]. A very condensed introduction is also in[GT98, Chapter 7].
2.1 The Sobolev spaces H1(Ω)
Introduction 2.2. These spaces are defined by first defining a norm for them, thencompleting for instance the space C∞ with respect to this norm. This will lead tosome difficulties with the involved symbols, which we will resolve in Section 2.2.We note that the problem of definiteness of the norm is the same as in the definitionof L2(Ω), which is, why we again have to take equivalence classes.
Definition 2.3. For functions f, g ∈ C∞(Ω), we define the inner products, the
H1-seminorm |.|1 and the H1-norm ‖.‖1 as

〈f, g〉1 = ∫Ω∇f · ∇g dx, |f |1 = ‖∇f‖0 , (2.1)
〈〈f, g〉〉 = 〈f, g〉0 + 〈f, g〉1 , ‖f‖1 = ‖f‖0 + |f |1. (2.2)
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Here, 〈., .〉0 and ‖.‖0 refer to the inner product and norm in L2(Ω), respectively.
Definition 2.4. First we compute the completion of C∞(Ω) with respect to the norm
‖f‖1, that is, the set of limits of all Cauchy sequences with respect to the H1-normconsisting of elements in C∞(Ω) with uniformly bounded H1-norm. The H1-normof the limit function is defined as the limit of the norms of the sequence.
The Sobolev space H1(Ω) is the set of equivalence classes in this completion,where we say f ' g if ‖f − g‖1 = 0.
Note 2.5. The space C∞(Ω) in this definition could have been replaced by C1(Ω)with no different effect.
Example 2.6. The completion process in the definition above indeed yields func-tions which were not in C∞. For instance, it is possible to construct a smoothsequence of functions converging to the function f(x) = |x| with respect to the
H1-norm on [−1, 1].
Definition 2.7. The space C∞0 (Ω) is the space fo functions with ininitely manycontinuous derivatives and compact support in Ω.
Definition 2.8. The Sobolev space H10 (Ω) is obtained by completing the space
C∞0 (Ω) with respect to the H1-norm and taking equivalence classes such that f ' gif ‖f − g‖1 = 0.
Note 2.9. It remains to be shown that the spaces H1(Ω) and H10 (Ω) are actuallydifferent.
2.2 Weak derivatives and the Sobolev spaces W 1,2
Introduction 2.10. When we introduced the space H1(Ω), we started with a sub-space of continuous functions and extended this space by adding the limits ofCauchy sequences. The result is a complete space with respect to the norm ‖.‖1.On the other hand, it is not clear whether this is the biggest function space forwhich this norm is finite. Therefore, in this section, we take the opposite approach:we define a derivative in a very broad sense and then reduce to those derivativesbounded with respect to the norm ‖.‖1.
Definition 2.11. If for a given function u there exists a function w such that∫

Ω wφ dx = −∫Ω u∂iφ dx, ∀φ ∈ C∞0 (Ω), (2.3)
then we define ∂iu := w as the distributional derivative (partial) of u with respectto xi. Similarly through integration by parts, we define distributional directionalderivatives, distributional gradients etc.
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Note 2.12. The formula (2.3) is the usual integration by parts. Therefore, whenever
u ∈ C1 in a neighborhood of x, the distributional derivative and the usual derivativecoincide.
Example 2.13. Let Ω = R and u(x) = |x|. Intuitively, it is clear that the distribu-tional derivative, if it exists, must be the Heaviside function

w(x) = {−1 x < 01 x > 0. (2.4)
The proof that this is actually the distributional derivative is left to the reader.
Example 2.14. For the derivative of the Heaviside function in (2.4), we first ob-serve that it must be zero whenever x 6= 0, since the function is continuouslydifferentiable there. Now, we take a test function φ ∈ C∞ with support in theinterval (−ε, ε) for some positive ε. Let w ′(x) be the derivative of w. Then, byintegration by parts∫ ε

−ε
w(x)φ′(x) dx = − ∫ 0

−ε
w(x)′φ(x) dx − ∫ ε

0 w(x)′φ(x) dx + 2φ(0) = 2φ(0),
since w ′(x) = 0 under both integrals. Thus, w ′(x) is an object which is zeroeverywhere except at zero, but its integral against a test function φ is nonzero.This contradicts our notion, that integrable functions can be changed on a set ofmeasure zero without changing the integral. Indeed, w ′ is not a function in theusual sense, and we write w ′(x) = 2δ(x), where δ(x) is the Dirac δ-distribution,which is defined by the two conditions

δ(x) = 0, ∀x 6= 0∫
R
δ(x)φ(x) dx = φ(0), ∀φ ∈ C0(R).

We stress that δ is not an integrable function, or a function at all.
Example 2.15. Take for instance Ω = [0, 1]. It is known that Lipschitz-continuousfunctions on R are absolutely continuous and thus continuously differentiable al-most everywhere, with their derivatives bounded by the Lipschitz constant, say L.Thus, the function itself is bounded on [0, 1], say by M. Therefore, such a function
f is weakly differentiable and its norm is bounded by

‖f‖1 ≤ L+M.

Definition 2.16. For a function u ∈ L2(Ω), we call a distributional derivative a
weak derivative, if the derivative is in L2(Ω) as well. For such a weakly differen-
tiable function, the seminorm |.|1 and thus the norm ‖.‖1 is defined, if the gradientis understood in the distributional sense.The space of weakly differentiable functions defined in this manner is the Sobolevspace W 1,2(Ω), where the superscript one stands for the order of derivatives andthe two is the exponent in the norm.
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Remark 2.17. In this section and the previous section, we have seen two differentdefinition of Sobolev spaces. One of the important theorems of modern analysisdue to Meyers and Serrin [MS64] states that these two definitions actually specifythe same object.
2.3 Higher order derivatives and different exponents

Introduction 2.18. Here we generalize the definitions of Sobolev spaces in Sec-tions 2.1 and 2.2, respectively, to higher order derivatives. Most of this sectionwill consist of introducing ugly notation, which is, why we postponed this. Mathe-matically, like for continuous derivatives, the same concepts as above are appliedto obtain the new spaces.
Definition 2.19. A d-dimensional multi-index is a tuple α = (α1, α2, . . . , αd) withvalues αi being nonnegative integers. We define partial derivatives of a function
u ∈ C∞ with respect to a multi-index as

∂αu(x) = ∂α
∂xα u(x) = ∂α1

∂xα11
∂α2
∂xα22 . . . ∂

αd

∂xαdd
u(x1, x2, . . . , xd).

The order of such a derivative is
|α| = d∑

i=1 αi.
Definition 2.20. Let u be integrable on Ω ⊆ Rd. If a function w exists such that∫

Ω wφ dx = (−1)|α| ∫Ω u, ∂αφ dx, ∀φ ∈ C∞0 (Ω), (2.5)
then we call ∂αu = w a distributional derivative of order |α| of u. If this derivativeis in L2(Ω), we call it a weak derivative.
Definition 2.21. The space W k,2(Ω) is the space of functions u ∈ L2(Ω) such thatall distributional derivatives of order |α| ≤ k are in L2(Ω). The W k,2-seminormand -norm are defined by

|f |k =√∑
|α|=k ‖∂αu‖

2, ‖f‖k =√∑
|α|≤k

‖∂αu‖2.
Remark 2.22. If we give up the notion of an inner product, all definitions aboveextend to the case where we replace L2 by a space based on a norm with differentexponent 1 ≤ p ≤ ∞. This leads to the spaces W k,p(Ω).
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2.4 Properties of Sobolev spaces

Introduction 2.23. For continuously differentiable functions, the inclusion Ck+1 ⊂
Ck is obvious. The same inclusion holds for W k+1,p and W k,p by definition. Con-tinuous functions are obviously continuous on smooth submanifolds, but Sobolevfunctions are a priori not even defined there. Nevertheless, we will see below,that there are operators which allow us to define traces of Sobolev functions onlower dimensional submanifolds, and even embeddings into spaces of continuousfunctions.
Definition 2.24. Let Ω ⊂ Rd. For the Sobolev space W k,p(Ω), we define the
Sobolev number

σ = k − d
p . (2.6)

For the following theorems, verification is required when the cases p = 1 and
p =∞ are included, when equality of the Sobolev numbers is sufficient and whennot, and which assumptions on the domains are reasonable.
Theorem 2.25. Let Ω ⊂ Rd be a bounded Lipschitz domain. Given two Sobolev
spaces W k1,p1 (Ω) and W k2,p2 (Ω) with 1 ≤ p1, p2 <∞. If σ1 ≥ σ2, then there exists
a continuous embedding W k1,p1 (Ω) ↪→ W k2,p2 (Ω) such that

‖u‖W k2 ,p2 (Ω) ≤ C ‖u‖W k1 ,p1 (Ω) .
Theorem 2.26. Let Ω1 ⊂ Rd1 be a bounded Lipschitz domain and Ω2 ⊂ Ω1 a
smooth submanifold of dimension d2. Then, if σ1 ≥ σ2, there exists a continuous
trace operator from W k1,p1 (Ω1) ↪→ W k2,p2 (Ω2), such that

‖u‖W k2 ,p2 (Ω2) ≤ C ‖u‖W k1 ,p1 (Ω1) .
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